
Lecture 09
Introduction to Duality
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𝑔 𝑢, 𝑣 = min
𝑥
𝑐𝑇𝑥 + 𝑢𝑇 𝐴𝑥 − 𝑏 + 𝑣𝑇 𝐺𝑥 − ℎ =

min
𝑥
𝑐 + 𝐴𝑇𝑢 + 𝐺𝑇𝑣 𝑇𝑥
𝑙𝑖𝑛𝑒𝑎𝑟 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑥

− 𝑏𝑇𝑢 − ℎ𝑇𝑣

max
𝑢,𝑣
𝑔 𝑢, 𝑣

𝑠. 𝑡. 𝑣 ≥ 0
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𝑔 𝑢, 𝑣 = min
𝑥
𝐿 𝑥, 𝑢, 𝑣 = min

𝑥

1

2
𝑥𝑇𝑄𝑥 + 𝑐 − 𝑢 + 𝐴𝑇𝑣 𝑇𝑥 − 𝑏𝑇𝑣
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𝑔 𝑢, 𝑣 =
1

2
𝑥∗𝑇𝑄𝑥∗ + 𝑐 − 𝑢 + 𝐴𝑇𝑣 𝑇𝑥∗ − 𝑏𝑇𝑣
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Consider again case (ii), where 

We can still find a min of 𝐿(𝑥, 𝑢, 𝑣):

If we take 𝑥 to be a multiple of −𝑧2, we’ll have:     
1

2
𝑥𝑇𝑄𝑥 = 0

𝐿 𝑥, 𝑢, 𝑣 =
1

2
𝑥𝑇𝑄𝑥 + 𝑐 − 𝑢 + 𝐴𝑇𝑣 𝑇𝑥 − 𝑏𝑇𝑣

But, we can minimize the term 𝑐 − 𝑢 + 𝐴𝑇𝑣 𝑇𝑥 as much as we like   ⇒ min
𝑥
𝐿 𝑥, 𝑢, 𝑣 = −∞



19



20



21



22



23



24



25



26



27



28

=
1

2
𝛽𝑇𝛽 − 𝑤𝑇𝑑𝑖𝑎𝑔 𝑦 𝑋𝛽 + 𝐶1 − 𝑣 − 𝑤 𝑇

𝑎𝑓𝑓𝑖𝑛𝑒

𝜉 −  𝑤𝑇𝑦
𝑎𝑓𝑓𝑖𝑛𝑒

𝛽0 + 1
𝑇𝑤

𝛻𝛽𝐿 = 0 ⟹ 𝛽
∗,𝑇 −𝑤𝑇  𝑋 = 0⟹

Since 𝛽, 𝛽0, and 𝜉 have no interactions, 𝐿(. ) can be minimized separately on these variables!

Define  𝑋 ≝ 𝑑𝑖𝑎𝑔 𝑦 𝑋

• We first minimize on 𝛽: 

𝛽∗,𝑇 = 𝑤𝑇  𝑋,
𝛽∗ =  𝑋𝑇𝑤

1

2
𝛽∗,𝑇𝛽 − 𝑤𝑇  𝑋𝛽∗ + 1𝑇𝑤
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1

2
𝛽∗,𝑇𝛽 −  𝑤𝑇 𝑋

=𝛽∗,𝑇

𝛽∗ + 1𝑇𝑤

= −
1

2
𝛽∗,𝑇𝛽
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Appendix
Some notes from linear algebra
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For symmetric matrices, 𝑵𝑼𝑳𝑳(𝑨) ⊥ 𝑪𝒐𝒍(𝑨)

𝐶𝑜𝑙 𝐴 = 𝑣 ∃𝑥: 𝐴𝑥 = 𝑣

𝑁𝑈𝐿𝐿 𝐴 = 𝑢 𝐴𝑢 = 0

𝑖𝑓 𝐴 = 𝐴𝑇 ⇒ 𝐶𝑜𝑙 𝐴 ⊥ 𝑁𝑈𝐿𝐿 𝐴 , 𝒘𝒉𝒚?

𝐿𝑒𝑡 𝑣 ∈ 𝐶𝑜𝑙 𝐴 . 𝑡ℎ𝑒𝑛: 𝐴𝑥 = 𝑣

𝐿𝑒𝑡 𝑢 ∈ 𝑁𝑈𝐿𝐿 𝐴 . 𝑡ℎ𝑒𝑛: 𝐴𝑢 = 0 ⟹ 𝑢𝑇𝐴𝑇 = 0
𝐴=𝐴𝑇

𝑢𝑇𝐴 = 0

𝑁𝑜𝑤,𝑤𝑒 ℎ𝑎𝑣𝑒: 𝐴𝑥 = 𝑣 ⟹ 𝑢𝑇𝐴𝑥 = 𝑢𝑇𝑣 = 0. 

We say that for a symmetric matrix A, NULL(A) and Col(A)
are “orthogonal complements”.


